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Abstract. We prove that in presence of L/^ Gaussian estimates, so-called Davies-Gaffney 
estimates, on-diagonal upper bounds imply precise ofl-diagonal Gaussian upper bounds for 
the kernels of analytic families of operators on metric measure spaces. 
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1. Introduction 

The study of properties of second-order self-adjoint differential operators often depends on 
Gaussian upper bounds for the corresponding heat kernel, that is the kernel of the semigroup 
generated by these operators. Gaussian heat kernel upper bounds play a crucial role in 
the proofs of many results concerning boundedness of the Riesz transform, convergence of 
Bochner-Riesz means or boundedness of spectral multipliers, as well as problems related to 
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maximal regularity properties (see for example the articles [IHl EDI 1211 UHl HI IHZl UHl HI 121 

HH I2H1 Cni and the monograph [IHl)- If Pt{x,y) denotes the heat kernel corresponding to 
a second-order differential elliptic or sub-elliptic operator, then the typical Gaussian heat 
kernel upper bound is of the form 



for all t > 0, x,y ranging in the space where the operator acts. For instance, if pt is the 
kernel corresponding to the Laplace-Beltrami operator on a Riemannian manifold, then, at 
least in some favorable cases, one expects V{x, r) to be equal to the volume of the geodesic 
ball of radius r and centered at x and d denotes the Riemannian distance. In the standard 
approach, proofs of Gaussian estimates are divided into two steps. First one obtains on- 
diagonal estimates 



for all t, X. Then the theory says that one can automatically improve on-diagonal bounds by 



are basically three known methods to derive Gaussian bounds from on-diagonal bounds ()1.2|) : 
Davies's perturbation method (see |25j, [2^1 , llfij); the integrated maximum principle (see 
[Snj, inij; ESj) and finite propagation speed for the wave equation (see [IHIEI]). 

The main aim of the present paper is to introduce a new method for deducing Gaussian 
bounds from uniform bounds ()1.2|1 . which relies mainly on the Phragmen-Lindelof theorem. 
Our approach is closely related to the main idea behind complex interpolation, and it shows 
that surprisingly the Gaussian bounds and the complex interpolation results are of similar 
nature. This allows us to look at the off-diagonal Gaussian bounds from a new perspective. 
The use of Phragmen-Lindelof theorems for heat kernel estimates was introduced to our 
knowledge in [25', see in particular Lemma 9, see also |231 Theorem 3.4.8, p. 103]. In j25j . 
Davies uses Gaussian bounds for real time and the Phragmen-Lindelof technique to obtain 
complex time estimates for the heat kernel, that is estimates for pz{x,y) for all z G C+, 
where C+ is the complex half-plane Rez > 0. Roughly speaking, in our approach, we reverse 
the order of Davies's idea and we use the Phragmen-Lindelof technique to obtain both real 
and complex time Gaussian bounds. Our method yields more precise complex time Gaussian 
bounds than in [.25.- and j2Sl Theorem 3.4.8, p. 103]. 

We express the assumptions of our results in terms of so-called Davies-Gaffney estimates. 
To our knowledge, these estimates were formulated for the first time in , but according to 
Davies himself the idea stems from jST]. Davies-Gaffney estimates hold for essentially all self- 
adjoint, elliptic or subelliptic second-order differential operators including Laplace-Beltrami 
operators on complete Riemannian manifolds, Schrodinger operators with real-valued po- 
tentials and electromagnetic fields, and Hodge-Laplace operators acting on differential forms 
(see Theorem 13 . 31 and Section ^21 below). A discrete time version of the Davies-Gaffney esti- 
mate is discussed in |22j^. Davies-Gaffney estimates are also easy to obtain. For non- negative 
self-adjoint operators, they are equivalent with the finite speed propagation property for the 



However, it is not clear how to extend the methods of the present work to the discrete time case, in 
order to replace the use of the rather technical discrete integrated maximum principle as in \22\ . 







adding the Gaussian factor exp 




and obtain this way Gaussian bounds ()1.1|) . There 
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corresponding wave equation (see and Section IT^ below) . We discuss this equivalence 
here as a simple but illuminating application of the Phragmen-Lindelof technique. 

Our approach allows us to obtain far reaching generalizations of the results obtained in 
1231 12ni Uni 1331 1311 13H Uni inil • in the present paper, we do not have to assume anything 
about the nature of the infinitesimal generator of the semigroup under consideration; in 
particular, the generating operator does not have to be a second-order differential operator, 
and the semigroup does not have to be Markov. Our method works also for operators 
acting on differential forms and more generally on vector bundles ^. Actually, instead of 
considering the analytic semigroup {exp{—zL): z G C+j generated by some non-negative 
self-adjoint operator L, we are able to study any uniformly bounded analytic family of 
operators {\E'(2;): z G C+}. We do not have to assume that \E' has the semigroup property 
nor that "^{z) is a linear operator, as far as {"^{z): z G C+} satisfies the Davies-Gaffney 
estimates (see ()3.2|) below). For example we can study the estimates for the gradient of 
the heat kernel in the same way as the estimates for the heat kernel itself. We are also 
able to consider the family given by the formula "^{z) = exp{—zL) — exp{—zL^) where 
L, L° are different generators of analytic semigroups. For example, one can consider the 
situation where L is an operator with periodic coefficients in divergence form and L° is its 
homogenization, to obtain Gaussian estimates for the difference of the corresponding heat 
kernels \pt{x,y) —p^{x,y)\. 

Next, our methods have various applications in the theory of to L"? Gaussian estimates, 
developed by Blunck and Kunstmann in jSl HDl UH 1121; ^^^^ 1^ tSj- Blunck 
and Kunstmann call such estimates generalized Gaussian estimates. They use generalized 
Gaussian estimates to study spectral multipliers for operators without heat kernels. Our 
approach provides a strong tool to verify the generalized Gaussian estimates for a large class 
of operators. It is natural here to consider not only spaces but other functional spaces. 
This leads to another generalization of Gaussian estimates (see Section 077] below). 

Before we introduce all technical details needed to state our main results, we would like to 
discuss Theorems ll.ll and ll.2l below. which are only specific consequences of these results, but 
provide a good non-technical illustration of our approach. In [2Hi Theorem 3.4.8 p. 103] (see 
also [25, Lemma 9]) Davies shows that the Gaussian estimate for the heat kernel extends 
to complex values of time. The surprisingly simple proof of Theorem 11.11 yields a more 
precise version of [231 Theorem 3.4.8 p. 103], and at the same time it provides an alternative 
proof of real time off-diagonal Gaussian bounds obtained in [231 12ni Ej- Recall that the 
heat semigroup exp(— tA) generated by the (non- negative) Laplace-Beltrami operator A 
on a complete Riemannian manifold M is self-adjoint on L'^{M) with a smooth positive 
kernel pt{x,y), t > 0, x, ?/ G M, called the heat kernel on M; it extends to a complex time 
semigroup exp(— 2;A), z G C+, with a smooth kernel pz{x,y), z G C+, x,y E M. Denote by 
d the geodesic distance on M. 

Theorem 1.1. Let pz, z G C+, be the heat kernel on a complete Riemannian manifold M. 
Suppose that 

(1.3) pt{x, x) < Kt^^/^, yt>0, xeM, 



It is worth noting at this point that there is a connection between estimates of the heat kernel on 1-forms 
and the boundedness of the Riesz transform for p > 2 (see for example |21l 1201 1ST] '). 
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for some Kand D > 0. Then 

(1.4) \pAx,y)\ < eKiRezY^/^ { 1 +Rc^!^^^''^'exp f-Re"^'^"^' 



Az J \ 4z 

for all z G C+, x,y & M. 

For z = t E M+, estimates ()1.4|) can still be improved. It is possible to prove that 

(1.5) < p.(x. ,) < «-/^ (l + exp (-^iM) 

(see |i4£j). Moreover, it is known that the additional term (iH cannot be 

removed in general from See for a counterexample. However, using the Phragmen- 

Lindelof technique we obtain the following variation of Theorem 11.11 

Theorem 1.2. Let pz, z G C+, be the heat kernel on a complete Riemannian manifold M. 
Suppose that 

(1.6) \Pzix,y)\ < Wz G C+, x,yeM, 
for some Kand D > 0. Then 

\pz{x,y)\ < eK\z\-^/'exp (-Re^^ 

for all z G C+, x,y E M. 

Theorems 11.11 and 11.21 are straightforward consequences of Theorems 14.11 and 14.21 below, 
and the well-known fact that the Laplace-Beltrami operator on complete Riemannian mani- 
folds satisfies Davies-Gaffney estimates, see the remark after Theorem 13.31 below or P^ I35j. 

Theorem 11.21 shows that one can remove the additional factor ( 1 H j in ()1.5|1 if 

one is able to replace estimates p.3|) by the stronger ones p.6|) . This is an example of a 
result which we can obtain using Phragmen-Lindelof technique and which does not seem to 
follow from the techniques developed in[21l2nilISlElEllESlliniini]- 

2. Theorems of Phragmen-Lindelof type 

Let us start with stating the Phragmen-Lindelof theorem for sectors. 

Theorem 2.1. Let S be the open region in C bounded by two rays meeting at an angle 
IT /a, for some a > 1/2. Suppose that F is analytic on S, continuous on S, and satisfies 
|-^(-2)| < C exp(c|2;|^) for some (3 G [0, a) and for all z E S . Then the condition \F{z)\ < B 
on the two bounding rays implies \F{z)\ < B for all z E S. 

For the proof see |S1 Theorem 7.5, p. 214, vol.11] or ^52, Lemma 4.2, p. 108]. Proposi- 
tions 12. 2t 12.31 and 12.41 are simple consequences of Theorem 12.11 

Proposition 2.2. Suppose that F is an analytic function on C^. Assume that, for given 
numbers A, i?, 7 > 0, a > 0, 

(2.1) \F{z)\<B, V^gC+, and 

(2.2) |F(t)| < Ae"*e-s Vt G M+. 
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Then 

(2.3) |F(2)| < 5exp (^-Re^) , WzeC+. 



(2.4) uiC) = F{1 



Proof. Consider the function 

u(n = F I 

X 

which is also defined on C+. By ()2.1|) . 

|M(C)e^| <5exp|C|, VCGC+. 
Again by (|2.1|) we have, for any e > 0, 

(2.5) sup |M(C)e^| < Be'. 

ReC=e 

By (El, 

(2.6) sup |M(C)e^| < Ae^"'/'. 

Ce[e,oo) 

Hence, by Phragmen-Lindelof theorem with angle tc/2 and (3 = 1, applied to 

S;^ = {z e C: Rez > £ and Imz > 0} 

and 

= {z E C: Rez > e and Ithz < 0}, 

one obtains 

sup |u(C)e^| < max{Ae''^/^5e"}, Ve > 0. 
ReC>£ 

Now by the Phragmen-Lindelof theorem with angle vr and /3 = 0, 

(2.7) sup |M(C)e^| < 5e^ Me > 0. 

ReC>£ 

Letting e ^ we obtain 

sup |ti(C)e''| < B. 
ReC>o 

This proves ()2.H|1 by putting C = ^ 

Note that the estimate ()2.3|) does not depend on constants A, a in ()2.2p . This simple 
observation is the heart of the matter in the present paper. 

The above proposition will be used to prove the equivalence between the finite speed 
propagation property for the solution of the wave equation and Davies-Gaffney estimates 
(see ^3.21 below). However, in order to study the Gaussian bounds for heat kernels, we shall 
need a more sophisticated version of Proposition 12.21 

Given 7 > 0, denote by the closed disk in C+ centered on the real axis, tangent to the 
imaginary axis, with radius 7/2, that is the region 

C^ = {z eC\{0} : Re^ > 1}. 
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Proposition 2.3. Let F be an analytic function on C+. Assume that, for given numbers 
A,B,-f,u> 0, 



(2.8) 

for all z G C^; 
(2.9) 

for all t G M+ such that t < 7; 



\F(z)\ < A 



\F{t)\ < Ae- 



\F(z)\ < B 



Rez 



47 



(2.10) 

for all z E C^. Then 

(2.11) \F{z)\<eB(^^ exp(^-Re^) 

for all z E C^. 

Proof. Consider again the function u defined by (j2.4j) . It satisfies condition (j2.5j) and (j2.6|) 
with B = A, a = and e = 1. Hence by (jTTjl 



(2.12) 



sup |'u(^)e^| < eA. 
Rec>i 



Consider now the function v defined on C+ by the formula 

Note that \v{C)\ < 2-'^|M(C)e^| for ReC > 1 so by (IZT^ v is bounded on the set ReC > 1 • 
Now, by Phragmen-Lindelof theorem with angle vr and (3 = 0, 



Put c = i+is. By dnni), 

sup |f(C)| 
ReC=i 



sup \v{C) \ = sup \v{C)\. 
ReC>i Ref=i 



sup |(2C)-'^F(;)e 



ReC=i 



< sup eB\2C\-'' ( Re 
ReC=i 



^4C 



-u/2 



Hence 
(2.13) 



< e5sup (l + s^)-"/^ (-^ 



sup |f(C)| < C-B. 
Rec>i 



-u/2 



eB. 



Now we put ( = ^ in ()2.13p and we obtain 

27 
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F{z)\ exp{Re^) < eB. 



This proves ()2.11|) for all z E C^. 



□ 
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Finally let us discuss one more version of Proposition 12 .HI We shall need this modified 
version to prove Theorem II .21 The main difference between Propositions 12 .31 and 12 .41 is that 
we multiply the function F by an analytic function satisfying a growth condition. 

Proposition 2.4. Let g and F be analytic functions on C+. Assume that, for given numbers 
C,c,j>0 andO<p <1, 

(2.14) \expg{z)\<Ce'^'^~^ 
for all z E C-y. 

Next assume that F satisfies conditions (j2.8|) and (j2.9|) and that 

Rcz ^ ' 



(2.15) \F{z)\<B\^—] expi-Rcgiz)) 

for some u > and all z E Cy. Then 



\F{z)\ < eB exp (^-Reg{z) - Re^ 



for all z E C^. 

Proof. Define functions Ui and vi on C+ by the formulae 



v,iC) = m-'u.iOe^ = (2C)-'^n(C)exp (^g (l^^ e^ = {2C)-''F (^^^ exp (^g (^^^^ e^. 



By pA2\f and (jM 



|^i(C)l < 2-1t.i(C)e'^| = 2-nw(C)eS|exp (^g (^^^^ \ < eACe''^-'^'^^' 



if ReC > 1. Now by Phragmen-Lindelof theorem with angle tt 



sup \vi{()\ = sup |t;i(C)|- 
ReC>i ReC=i 



sup \vi{0\ < sup e5|2CrM Re— 
ReC=l ReC=l \ ^C, 



By (ina), 



and the rest of the proof is as in Proposition 12.31 □ 

3. Davies-Gaffney estimates 

Let (M, d, fi) be a metric measure space, that is /i is a Borel measure with respect to the 
topology defined by the metric d. Next let B{x,r) = {y E M, d{x,y) < r} be the open 
ball with center x E M and radius r > 0. For 1 < p < +oo, we denote the norm of a 
function / G L^{M,dn) by ||/||p, by (.,.) the scalar product in L'^{M,dfj,), and if T is a 
bounded linear operator from L^^M, djji) to L'^{M, djj), 1 < p,q < +oo, we write ||T||p^g for 
the operator norm of T. 

Suppose that, for every z G C+, 'if{z) is a bounded linear operator acting on L'^{M,dfi) 
and that ^(^) is an analytic function of z. Assume in addition that 

(3.1) 11^(^)112^2 <1, V^gC+. 
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For Ui,U2 C M open subsets of M, let d{Ui,U2) = inixeUi,yeU2d{x,y). We say that the 
family {"^{z) : z G C+} satisfies the Davies-Gaffney estimate if 



for all t > 0, Ui C M, fi G L'^{Ui, dfi), i = 1,2 and r = d{Ui, U2). Note that we only assume 
that ()3.2|) holds for positive real t. 

A slightly different form of Davies-Gaffney estimate is mostly considered in the literature 
(see for instance [21] or [SH])- in our notation, it reads 



where xu denotes the characteristic function of the set U. Of course, ()3.3p follows from ()3.2p 
by taking /i = xui and /2 = XU2- Conversely, assume ()3.3p and let fi = Ylij^]XA^.i where 
A) C Ui. Then 



By dSIH), < ^(^)/i,/2 >< II/1II2II/2II2. Proposition O then yields for such /i,/2, and 



one concludes by density. 

One may wonder what is the justification of the constant 4 in ()3.2|) : we shall see in Theorem 
13.41 below that in the case where '^{z) is a semigroup e"^"^, 4 is the good normalisation 
between the operator L and the distance d, namely it translates the fact that the associated 
wave equation has propagation speed 1. 

The other constants in ()3.Hl and ()3.2|1 have been normalized to one for simplicity, anyway 
then can be absorbed by multiplying accordingly the family '^{z). 

3.0.1. Examples. Semigroups of operators generated by non-negative self-adjoint operators 
always satisfy 1)3.11) . and among them many examples of interest satisfy ()3.2|) . Recall that, 
if L is a non- negative self-adjoint operator on L^(M, d/x), one can construct the spectral 
decomposition -El(A) of the operator L. For any bounded Borel function m: [0, cxd) — > C, 
one then defines the operator m{L) : L'^{M, dfi) L'^{M, dfi) by the formula 



Now, for z G C+ and ^^(A) = exp(— zA), one sets mz{L) = exp{—zL), z G C+. By 
spectral theory the family "^{z) = {exp(— : z G C+}, also called semigroup of operators 
generated by L, satisfies condition p.ip . 

As we already said, condition ()3.2|) holds for all kinds of self-adjoint, elliptic, second 
order like operators. Condition ()3.2|) is well-known to hold for Laplace-Beltrami operators 
on all complete Riemannian manifolds. More precisely. Condition ()3.3p is proved for such 
operators in j21] and See also the remark after Theorem 13.31 In the more general 

setting of Laplace type operators acting on vector bundles, condition ()3.2|) is proved in j3Tj. 
Another important class of semigroups satisfying condition ()3.2|) are semigroups generated 



(3.2) 




(3.3) 
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by Schrodinger operators with real potential and magnetic field (see for example [50], as 
well as Theorem 13.31 and Section below) . 

Note that self-adjointness and non-negativity of L are a way to ensure that exp {—zL) 
is defined for z G C+, and ()3.ip . but these conditions may hold for non-self-adjoint L, and 
they are sufficient by themselves to run the rest of our theory. 

Estimates ()3.2|) also hold in the setting of local Dirichlet forms (see for example [^Hl Theo- 
rem 2.8], and also 53j, jjSll)- In this case the metric measure spaces under consideration are 
possibly not equipped with any differential structure. However, the semigroups associated 
with these Dirichlet forms do satisfy in general Davies-Gaffney estimates with respect to an 
intrinsic distance. 

In the sequel, if (M, d, /i) is a metric measure space and L a non-negative self-adjoint 
operator on L'^{M, d^), we shall say abusively that (M, d, /i, L) satisfies the Davies-Gaffney 
condition if holds with \l/(t) = e"*^. 

3.1. Self-improving properties of Davies-Gaffney estimates. It is convenient to es- 
tablish two simple lemmas concerning Davies-Gaffney estimates before discussing our main 
results. First we observe that given (j3.ip it is enough to test (|3.2p on balls only. Then we 
observe that any additional multiplicative constant or even additional exponential factor in 
()3.2|) can be replaced by the constant in ()3.1|) . 

Lemma 3.1. Suppose that (M, d, /i) is a separable metric space and that the analytic family 
{"^Iz): z G C+} of bounded operators on L'^{M,dfi) satisfies condition (|3.ip . and condition 
()3.2|) restricted to all balls Ui = B{xi,ri), i = 1,2, for all Xi,X2 G M, ri,r2 > 0. Then it 
satisfies condition ()3.2|) for all open subsets f/i, t/2. 

Proof. Let Ui and U2 be arbitrary open subsets of M; set r = d{Ui, U2)- Let / = Yl\=i fh 
where for all 1 < i < fc, /j G L'^{B{xi,ri),dfi), B{xi,ri) C Ui, and fi^{x)fi.^{x) = for 
all X G M, 1 < ii < i2 < k. Similarly let g = Yl^j=i9j where gj G L'^{B{yj, Sj),diJ,), 



B{yj, Sj) C U2 for all I < j < i, and gj^{x)gj^{x) = for all a; G M, 1 < ji < j2 < i. Note 
that d{B{xi, ri), B{yj, sj)) > r. Now if condition ()3.2|) holds for balls then 



k e 



\{^it)f,g)\ 



i=i j=i 



k e 



i=i j=i 



k 




i=i j=i 





VkiWfW 



2\\9\\2- 
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Now we assume that (jH.lj) holds so if we put F{z) = {^{z)f,g) then Proposition 12.21 shows 
that the term Ckl in the above inequahty can be replaced by 1. This means that ()3.2|) 
holds for / and g. Now to finish the proof of the lemma, it is enough to note that, since 
M is separable, the space of all possible finite linear combinations of functions / such 
that supp/ C B{x,r) C t/ is dense in L'^{U,d^). Moreover, if / = ^f^^ /« and fi G 
L^{B{xi, Tj), dfi) for all 1 < i < k then there exist functions fi G L'^{B{xi, rj), dfi) such that 
/ = fi and in addition, for all 1 < «i < «2 < fc, fii{x)fi2{^) = ^ ^ ^ 

Lemma 3.2. Suppose that the family z G C+} satisfies condition (jH.lll . Assume in 

addition that, for some C > 1 and some a > 0, 

(3.4) l(*W/i,/2)| < Ce^'e-'-^\\fMf2\\2, Vt > 0, 

whenever fi G L'^{M,dfi), supp/j C B{xi,ri), i = 1,2, andr = d{B{xi,ri), B{x2,r2)) ■ Then 
the family {"^{z) : z G C+j satisfies condition ()3.2|) . 

Proof. Lemma 13.21 is a straightforward consequence of Proposition 12.21 and Lemma 13.11 □ 

Let us give an application of Lemma 13.21 by giving yet another example where Davies- 
GafFney estimates hold, namely Schrodinger semigroups with real potential. Suppose that 
A is the non-negative Laplace-Beltrami operator on a Riemannian manifold M with Rie- 
mannian measure fi and geodesic distance d, and consider the operator A + V acting on 
C^{M), where V G L^i^^{M,dfi). If we assume that A + V > then we can define the 
Friedrichs extension of A + V, which with some abuse of notation we also denote by A + V 
(see for example |2S1 Theorem 1.2.8]. 

Theorem 3.3. Suppose that A is the Laplace-Beltrami operator on a Riemannian manifold 
M, that V G L^^^^{M,d^) and that A + V > as a quadratic form. Then the semigroup 
{^{z) = exp(— z(A + V)) : z G C+} satisfies condition (j3.2j) . 

Proof. We start our proof with the additional assumption V > 0. For / G L'^{M,dfi), 
t > 0, X E M, we put ft{x) = fit,x) = exp(— t(A + V))/(x). Let k > 0, and a function 
^ G C°°{M), both to be chosen later, such that |V.^| < k, where V is the Riemannian 
gradient on M. Next, as in [2^1 ESI 0]; we consider the integral 



E{t)= / |/(t,x)|V(-)rfM^) 



M 



Then 

E'{t) 



= Re [ dtf{t,x)f{t,x)e^^^Ufi{x) = -Re [ {{A + V)ft) ftC^ dfi 
Jm Jm 

= -Re / (V/i-V(/ie«) + |/i|W) dfi 
Jm 

= -Re [ {\Vft\' + Vff ftV^+\ft\'V)e^dfi 
Jm 

< I (-|V/*|' + |V/i||Ve||/*|)e«rf/i 
J m 



(note that the non-negativity of V is used in the first inequality). Hence E{t) < exp(/t^i(:/2)i?(0). 
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Consider now two disjoints open sets Ui and U2 in M. Choose ^ = Kd{.,Ui). One has 
I V^l < K, ^ = on t/i, and, for any g G L\^{M, dfi), 

JU2 JUi 

where r = d{Ui, U2). Hence if supp f then, taking g = ft, 

^ Iftl'dfi < e~^^E{t) < exp - ^r^ E(0) = exp - kv^ \f\' d^^. 
Choosing finally k = r /t we obtain 

|vl/(t)/|2rf^<exp(-Q^ l/l^d/x, 
that is, for all / G L'^{Ui,dfi), 

sup \{^it)f,g)\' = [ \^it)f\'d^^ < exp (-Ql WfWl 

g€L2{U2,dt^), \\9\\2=l JU2 V ^'^J 

which yields fl3.2|) . Next, we consider a potential V G L\jj,,(M) such that A + V > 0. We 
put Va{x) = max{V(x), —a} and La = A + Va- When a goes to 00 then La converges to 
L = A + V in the strong resolvent sense (see (40l Theorem VIII. 3. 3, p. 454] or PH", Theorem 
S.16 p.373]). Hence by UHl Theorem VIII.20, p.286] or by HOI Theorem VIII.3.11, p.459 
and Theorem IX. 2. 16, p. 504 ], exp{—tLa)f converges to exp(— tL)/ = exp(— t(A + V))/ for 
any / G L'^{M). Hence it is enough to prove (|3.2p for a given a G M. Finally we note that 
Va + a > 0, thus it follows from the first part of the proof that 

exp(-t(A + Va + a)) = e""^* exp(-t(A + V^)) 

satisfies condition ()3.2|1 . But this implies that the semigroup exp(— t(A + Va)) satisfies 
condition ()3.4|) and Theorem 13.31 follows from Lemma f3. 21 □ 

Remark : Note that the case V = is allowed in Theorem 13. 3[ in other words it yields a 
proof of ()3.2j) for the Laplace-Beltrami operator on complete Riemannian manifolds. 

3.2. Finite speed propagation for the wave equation and Davies-Gaffney esti- 
mates. 

As a next application of the Phragmen-Lindelof technique developed in Section |21 we 
show that, for self-adjoint operators, Davies-Gaffney estimates are equivalent to finite speed 
propagation property for the corresponding wave equation. This equivalence was proved, 
along the same lines, in [21]. The underlying idea is so basic to the development of the 
technique in the present paper that we shall repeat this proof. One can use this equivalence 
to obtain a very simple proof of the finite speed propagation property for a broad class of self- 
adjoint operators (see [HI])- We start with recalling the notion of finite speed propagation 
property for the wave equation. 

In this section, (M, d, fi) is again a metric measure space. We say that a non-negative 
self-adjoint operator L satisfies the finite speed propagation property for solutions of the 
corresponding wave equation if 

(3.5) (cos(tv^)/i,/2) = 

for all < t < r, open sets Ui C M, /j G L'^{Ui, dfi), i = 1,2, where r = d{Ui, U2). 
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If cos(tyi) is an integral operator with kernel Kt-, then ()3.5p simply means that supp-f^t C 
Vt, that is Kt{xi,X2) = for all (xi,X2) ^ Vt, where 

Vt = {(xi,X2) e M X M : d{xi,X2) < t}. 



Theorem 3.4. Let L be a self-adjoint non-negative operator acting on L'^{M, dfi). Then the 
finite speed propagation property ()3.5p and Davies-Gaffney estimates ()3.2|) are equivalent. 

Proof. Assume the Davies-Gaffney estimates. Fix two open sets Ui,U2 C M. Let fi G 
L'^{Ui, dfi) for i = 1,2. Define a function F: C+ — C by 

(3.6) F{z) = {exp{-zL)f^,f2). 

Since exp{—zL) is contractive on L'^{M,dfi), F is a bounded analytic function on C_|_ and 
it satisfies (|2.ip with 

5=ll/l||2||/2||2. 

In virtue of (jS3), F satisfies (J23) with 

2 

a = 0, A = ||/i||2||/2||2, 7= J and r = d{U,,U2), 
thus, by Proposition 12.21 

(3.7) |F(.)|<l|A||2||/2||2exp(^-r2Rel). 

Then write, for s > 0, the well-known Hadamard transmutation formula 

(3.8) < exp(-sL)/i, /2 >= / < cos(tv^)/i, /2 > ^ dt. 

Jo V^rs 

By the change of variable t \fi in integral ()3.8p and changing s to l/(4s), we obtain 



oo 



< exp ( )/i,/2 >= / (vrt)-^/' < cos(Vtv^)/i,/2 > e-^*rft. 



4s 

and by analytic continuation 

(3.9) C^l^ < exp >= ^ (vrt)-^/' < cos{Vt^)f^j2 > e-^Ut 

for G C+. Consider the function u{C,) = On the one hand, by ()3.7|) . 

|n(C)|<||/i||2||/2||2|Cr'/'exp(-r2ReC). 
On the other hand, by (j3.9j) . u is the Fourier-Laplace transform of the function 

v{t) = (7rt)~^/2 < cos(VtyZ)/i, /2 > . 

A suitable version of the Paley- Wiener theorem (see [^21 Theorem 7.4.3, p. 193]) shows 
that 

supp V C [r^, oo). 
Thus < cos {Viy/L)fi, /2 >= for all < t < and (jS^ is proved. 
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Conversely if ()H.5|1 holds, then by ()H.8j) 



e 4! 



/■oo 

< exp(-sL)/i, /2 > I < / < cos(tVL)/i, /s > 

/oo 
< cos(t/L)/i,/2 > 

< II/1II2II/2II2 / -^dt 

Jr 

< e 4. II/1II2II/2II2. 

4. From on-diagonal bounds to Gaussian bounds 



dt 



dt 



□ 



In this section, (M, d, n) is again a metric measure space. Let L be a non-negative 
self-adjoint operator acting on L'^{M,d^); recall that the semigroup of operators "^{z) = 
exp{—zL), z G C+, is contractive on L'^{M, d^), in other words it satisfies condition ()3.H) . 

Our basic observation is the following : if pz is the kernel associated with exp{—zL), the 
estimate 

Pt{x,x) <Kt-°/^, Vt > 

can be reformulated as 

II exp(-tL)||i^oo < i^t-^/^ Vt > 

which yields 

II exp(-zL)||i^oo < K{Rez)-^^^, G C+ 
that is, in terms of a bilinear estimate, 

I < exp(-zL)/i,/2 > I < ir(Re^)-^/2||/i||i||/2||i, G C+,/1,/2 G L\M,dfi). 

On the other hand, Davies-Gaffney says that 

Kexp(-tL)/i,/2)| <exp (^-^^ II/1II2II/2II2 

for all t > 0, /i, /2 G L'^{M, dfi), supported respectively in Ui, U2, with r = d{Ui, U2). With 
these ingredients and the global bound on the complex half-plane 

I <exp(-zL)/i,/2> I < II/1II2II/2II2, V^GC+,/i,/2GL2(M,d^), 

the suitable Phragmen-Lindelof type lemma yields 

-D/21 r^\^'^ ( ^2 



|(exp(-^L)/i,/2)| < eK(Rez)-^/^ (^Rc-J exp (^-Re-J II/1II1II/2II1, 

for z in the relevant region of the half-plane and all /i, G L^{M, dfj,), supported in Ui, U2, 
with r = d{Ui,U2)- Taking for Ui, U2 balls that shrink around x and y, one obtains, for 
Re^^ large enough, the desired estimate 



dHx^Y^' ( ^ d\x,y) 
■ exD —Re ■ 



\Pzix,y)\ < eK{Rez) ( Re ^^^^M exp ( -Re 
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Let US see this in more detail, and then in more general situations. 

4.1. Polynomial decay. 

Assume 

II exp(-tL)||i^oo < i^r^/^ Vt > 0. 

It follows that 

(4.1) II exp(-^L)||i_.oo < K{Rezy'\ \/ z E C+. 
Indeed, for t > 0, s e M, 

II exp(-(t + is)L)\\i^oo < II exp(-tL/2)||i^2|| exp(-2sL)||2-^2|| exp(-tL/2)||2^oo 

= II exp(-tL/2)||i_^2ll exp(-zsL)||2^2 
= II exp(-tL)||i^oo|| exp(-isL) 112^2 

using the well-known equality ||T*T||i^oo = ||^||i^2- 

In particular, by fl^ Theorem 6, p. 503], exp(— zL) is an integral operator for all z G C+. 
This means there exists a measurable kernel, which we denote by Pz{x,y), such that 

(4.2) [exp{-zL)f]{x) = p^{x,y)f (y) dfi{y), for a.e. x e M. 

J M 

Before we start discussing Gaussian bounds, let us state another straightforward consequence 
of [2ni Theorem 6, p. 503], which we are going to use frequently in the sequel. A linear 
operator S is bounded from L^{M, dfi) to L°°{M, dfi) if and only if it is an integral operator 
with kernel p{x,y) such that esssup^gjy,j ,^g^j|p(a;, ?/)| is finite, in which case 

\p{x,y)\ = \\S\\i 

More precisely, we have the following : 

Claim 1. Let Ui,U2 be open subsets of M. If p{x,y) is the kernel of a linear operator 
S: L^{M,d^i) L'^{M,d^), then 

esssup^^u^^y^ujp{x,y)\ = sup { |(^/i, /2) | : \\fi\\muud,j,) = \\f2\\L^U24t^) = l} • 

To complete the last step of the argument we sketched above, namely to pass from esti- 
mates on arbitrarily small balls to pointwise estimates, we need to assume space continuity 
of the kernel under consideration, which is the case in most concrete situations, but not in 
general. We shall assume from now on that for every z e C+ the kernel pz is a continuous 
complex-valued function defined on M x M.^ As a consequence, we can replace the essential 
suprema by suprema in the above expressions, and also record the following : 

If pt{x, y) is the kernel of exp(— tL), a well-known argument using the semigroup property 
and the fact that pt{y, x) = pt{x, y) (see the proof of ()4.15|) below) shows further that 

(4.3) II exp(-tL)||i^oo = sup \pt{x,y)\ = s\yg> Pt{x,x). 

x,y£M xeM 

We can now state the general version of Theorem 11.11 An even more general version will 
be given in Corollarv 14.41 below, at the expense of a slightly more complicated proof. 

"^For an interesting discussion about continuity properties of a general heat kernel, see jSHI- On the 
other hand, Brian Davies told us about a folklore example of a decent Schrodinger operator on M whose 
on-diagonal values of the kernel are null on a countable dense subset. 
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Theorem 4.1. Assume that {M,d, fi, L) satisfies the Davies-Gajfney condition ()H.2j] . //, 

for some K and D > 0, 

(4.4) pt{x,x) < K t-^^^, yt> 0, X e M, 
then 

(4.5) \p.{x,y)\ < eK(Rc^)-^/2 (^^ ^^^fi^Y^\^^ ( ^j^/^^^^y^ 
for all z G C+, x,y & M. 



Az \ 4z 



Proof. Fix X, ?/ G M, and for d{x, y) > 2s > define a bounded analytic function F: C_|_ — >■ 
C as in ()3.6|) by the formula 

F(z) = (exp(-^L)/i,/2), 
where /i G L^{B{x,s),dfi) (1 L'^{B{x,s),dn), f2 G L^{B{y,s),dn) (1 L'^{B{y,s),dfi) and 
II /i 111 = 11/2 111 = 1- In virtue of Davies-Gaffney estimates ()3.2|) and ()3.1|) . F satisfies ()2.8p 
and El) with 



7 = r^/4, where r = (i(x, y) — 2s, and ^4 = II/1II2II/2II2 < cxo. 
Assumption ()4.4|1 yields, through ()4.3|1 and ()4.1|1 . 

|F(;^)| = |(exp(-;.L)/i,/2)| < KiRez)-^/', W z G C+, 
so that F satisfies fjTTIHl with u = D and B = Kr'^. By Proposition E31 

|F(^)| = |(exp(-^L)/i,/2)| < eKr-""!^-^^ exp (^-Re^^ 

/ ^2\£'/2 X ^2 

= ei^(Re2;)"^/^ i Re— j exp f -Re— 

for all z G Cj.2/4. 
Hence by Claim 

1^2(2;, y) I < sup sup \pzix',y')\ 

= sup{(exp(-2;L)/i,/2)|: ||/i||Li(i?(z,s),d/.) = \\f2\\L^{B(y,s),df^) = 1} 

/ ^2\i5/2 ^ ^2 

< eK(Re2;)~^/M Re— j exp f -Re— 
for all z G Cr2/4. 

Letting s go to we obtain (g^) for Re^-^ > 1. Finally for Re^%^ < 1, (g^l) is 
a straightforward consequence of ()4.4j) . Indeed in that case the Gaussian correction term 

satisfies exp ^— Re^^-^^j > e~\ and the estimate (j4.5p follows from 

\Pz{x,y)\<K{Rez)-^/' 
which in turn follows from ()4.1|) . □ 
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Now for the general version of Theorem 11.21 Again, an even more general version will be 
given in Theorem 14.61 below. 

Theorem 4.2. Assume that {M,d, ^, L) satisfies the Davies-Gajfney condition ()3.2|) . Next 
suppose that 

(4.6) \Pzix,y)\ < K\z\-'"\ G C+, x,y e 
for some K and D > 0. Then 

(4.7) \p^{x,y)\ < eK\z\-^/'exp (-Re^^ 
for all z G C+, x,y E M. 

Proof. One starts as in the proof of Theorem 14.11 Then condition ()4.6|) yields 

F{z) :=|(exp(-zL)/i,/2)|<ir|^|-^/l 

Choosing g so that | exp ((7(2;)) | = \z\^^'^ and taking B = K,'j = r^/4, /? = 0, = in 
Proposition 12. 4t one obtains 

|(exp(-;.L)A,/2)| < ir|z|-^/2exp (^-Re^ 

and the rest of the proof is as before. □ 

Remarks : The fact that an on-diagonal estimate for the heat kernel implies an off-diagonal 
estimate is of course not new. See for example [221 Theorem 3.2.7, p. 89] for the real time 
estimate and [23 Theorem 3.4.8, p. 103] for the complex time estimate. Note however, that 
the results obtained in [23] are less precise than ()4.5|) because they involve 4 + e instead of 
4 in the exponential factor. To our knowledge, the estimates fl4.5j) with 4 as an exponential 
factor are new for complex time. On the other hand, for real time and diffusion semigroups, 
estimates (j4.5|) were obtained in [2n] (see also CE]). 

For 2 = t G M+, the estimates ()4.5|) can still be improved. It is possible to prove that 



(see ^j), and this is sharp due to [45]. It is an interesting question why our results here 
(and results in [21] and JH]) give weaker estimates with D/2 instead of [D — l)/2. It is so 
because in our proof we do not use the fact that the family of operators under consideration 
is a semigroup generated by a self-adjoint operator; for more on this, see the discussion in 
the remark at the end of Section 1^31 



Suppose now that the self-adjoint contractive semigroup exp(— tL) on L^(M, c?/i) is in 
addition uniformly bounded on L°°{M,dfi), which includes the case of the heat semigroup 
on a complete Riemannian manifold, since it is submarkovian. Suppose also that estimates 
hold and that 

(4.8) ||exp(isL) lli^oo < C|sr^/^ VsgM\{0}. 
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Then the semigroup exp(— zL) satisfies condition ()4.(j|l . hence the corresponding heat kernel 
satisfies estimates ()4.7|) . Indeed, by ()4.8|) for alH > 0, s G M, 

II exp(-(t + is)L)||i^oo < II exp(-tL/2)||oo^oo|| exp(-isL)||i^oo <C \s\~^''^. 

Together with ()4.H) this yields 

II exp(-(t + is)L)\\i^^ < Cmin{r^/^ W'^] < C'\t + ^s|-^/2 

for all t > 0, s G M (as a matter of fact, ()4.(ij) is equivalent to the conjunction of ()4.4j] 
and ()4.8j) ). This shows that Gaussian bounds without an additional polynomial correction 
factor are a necessary condition for ()4.8p to hold. Let us observe that estimates ()4.8|) play 
an essential role in studying Strichartz type estimates (see for example [H]). 



4.2. The doubling case. Let {M,d,fi) be a metric measure space as above, and let Pz, 
z G C+ be a continuous heat kernel corresponding to a non-negative self-adjoint operator L 
on L2(M, dfi). 

One says that (M, d, /x) satisfies the doubling property if there exists C > such that 
(4.9) KB{x, 2r)) < Cfi{B{x, r)), Vr > 0, x G M. 

If this is the case, there exist C,6 > such that 

H[B[x,r)) \r/ 

In such a situation, the most natural on-diagonal estimates for heat kernels are of the 
type 

C 

Pt(x,x) < \/t > 0, X e M 

(see for instance [SSI)- 

We are going to consider estimates of a similar form, but where the quantity ij{B{x, \/t)) 
will be replaced by a function of x and t that is not necessarily connected with the volume 
of balls. 

We shall assume that V : M ^ IR+ — IR+ is non-decreasing in the second variable, that 
is V{x, s) < V{x^ r) for all x G M and all < s < r, and that it satisfies the doubling 
condition 



(4.11) ^ < A" ( 



V{x,r) \r 

for all s > r > and all x G M, and some constants 6 > and K' > 1. Finally we shall 
assume that V{x,t) is a continuous function of x. 
We shall then consider the on-diagonal estimate 

(4.12) pt{x, x)V{x, Vt)<l, Vx G M, t > 0. 

One should compare the following result with [51, Theorem 4], which yields a slightly more 
precise estimate for real time. 
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Theorem 4.3. Assume that {M,d, fi, L) satisfies the Davies-Gajjney condition ()H.2|1 . Next 
assume that the corresponding heat kernel is continuous and satisfies the on- diagonal 
estimate ()4.12|) with V satisfying the doubling condition ()4.11|) . Then 



(4.13) \p,ix,y)\< 



eK' 



V X 



d{x,y) 
'■• 2 



2 



d^ix,y)\ ( d'^{x,y) 



for all z G C+, x^y & M such that Re^-^^ > 1. For all z G C+, x,y E M, and in particular 
i/Re^-^^ < 1, one has 

(4.14) \Pz{x,y)\< 



V{x, ^/Rcz)V{y, ^/Rcz) 
Proof. For all z G C+, x, y G M, one has 



(4.15) 
Indeed, 



\Pz{x,y)\ 



M 



\Pz{x,y)\ < VPRezix,x)p^^,{y,y). 



Pz/2{x,u)p^/2iu,y) dfi{u) 



< 



\Pz/2{.x,u)\'^ dii{u) 



M 



1/2 / p ^ 1/2 

"^^■■'"■^ ^ ' \p^/2iu,y)\^ dniu) 

M 



M 



Pz/2{X,U)P2/2{U,X) dfl{u] 



1/2 



Pz/2{y,u)p^/2{u,y) dfi{u) 



M 



1/2 



< VPRez{x,x)pYie,{y,y). 



In the second equality above, we have used the fact that, since L is self-adjoint, Pz{x, y) = 
Pz{y,x). Together with ^J^ . this yields (jHHl). 

For a function W : M — * C, we denote by mw the operator of multiplication by W, that 

is 

{uiwf){x) = W{x)f{x), 
and if : M X M+ ^ C then for r G M+ we set 

imw(.,r)f)ix) = W{x,r)f{x). 



Let us now set W{x, r) = ^yv{x, r). Similarly as in the proof of Theorem 14. 11 fix x, ?/ G M 
and for d{x,y) > 2s > set r = d{x,y) — 2s. Then define a bounded analytic function 
F : C+ ^ C by the formula 

(4.16) F{z) = (exp(-zL)m^(^. 0/i,m^;^(^. 0/2), 

where 

/i G L\B{x, s), dfi)nL^{B{x, s),V{-, r/2) rf/x), G L\B{y, s), dfi)nL\B{y, s),V{-, r/2) rf/x), 
and ll/illi = II/2II1 = 1. In virtue of Q and dSH), F satisfies (EHD and (0 with 
^ = ll"iiyr- r^/ilbllm^r. L\f2\\2 < 00 and 7 = r74. 
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Note that, for z G C 



■7' 



(4.17) 



7 > Re- 

z 



> Rez, 



hence r/2 > ^/r^. Now by KT7\i and (HTTll . 



\F(z) 



p.ix', y')W {y', My')W (x', /^(x') d^^ix'] 

< sup 



A'/ JAf 



a;',y'eAf 

< sup 

x'yeA/ V V{x',y/Rez)V{y',y/Rez) 



< K' 



2Va 



ez 



K'2 



so that F satisfies fj2.1U|) with B = K'2 and u = 6. By Proposition 



\F(z) \ < eK'2 



.2 \ S 



, , , exp —Re — 
2z ^\ iz 



for all z G Cr2 /4. Note that L^{B{x, s), dfi)nL'^{B{x, s),V{ - , r/2) dfi) is dense in L^{B{x, s), dfi), 
so by Claim HJ 

(x, \p.{x,y)\V'/' (y, n < sup sup V'/' fx', Q \p^{x\y')\V'^' fy', 

^ V // x'&B{x,s)y'&B{y,s) \ Z/ \ U 

= SUp{|F(2)|: \j\\L^{B{x,s),dii) = \\f2\\L^B{y,s),d^l) = l} 

exp — Re— 



< eK' 



4L2 



Az / 



for all z G Cj.2u. Letting s — 0, we obtain the estimate (|4.13p for z G €^2^ 



□ 



Note that taking 

V{x,r) = K'^r^, r >0,x e M, 

one sees that Theorem 14.11 is a particular case of Theorem 14.31 

The estimate in the following corollary is less precise than the one in Theorem 14.31 but 
its algebraic form is convenient for calculations and it is enough for most applications; also, 
it can be compared with the case m = 2 of the estimates in Proposition 4.1]. The 
improvement with respect to ^3] is that the constant inside the exponential is optimal, at 
the expense of a necessary polynomial correction factor. To state the result, we put 6 = arg z 



for all z G C+, so that cos 6* 
Corollary 4.4. Under the assumptions of Theorem \4.S\ 

eK' M +Re 



(4.18 



\Pz{x,y) \ < 



Az 



V X 



1^1 



' V cose 



V y 



cos 6 



exp —Re 



d^{x,y) 



Az 



cos I 



for all z G C+, x,y E M. 
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Proof. Note that Rez ^ = \z\ ^cosd, hence 

— 71—] — cost^ = Re , z G . 

4:\z\ Az 

Moreover, ii z E Crf2(^ j,)/4, 

> {Rez-'r'/^ = (|z|/ cos 0)1/2 



hence 



Therefore 



V{x/-^]>V\x, 



cos 9 



V{x,^)v(y,^ 



1 / d^{x,y)Y f ^ (P{x,y) 



^ , , , exp -Re 
4 k \ Az 



1 / d\x,y)y ( d\x,y) 

< , Re V exp -Re ^ ^' 



COS 6 



42;/ V 4z / (cos 



and for z G Cd'i{x,y)/i, ()4.18|1 follows from ()4.1H|1 . Finally we note that by ()4.1H] 



v[xA < K' V{x, Vk|cos0) (cos 6)-^ = K' V{x, Vr^) (cos ( 



\-5 



COS 



so that, for z ^ Cd-i(^x,y)/A-, since exp ^— Re^^-^^j > e i, fj4.18|) is a straightforward conse- 
quence of dHH)). □ 

It is certainly an interesting feature of Corollary 14.41 that it yields estimates valid for 
time ranging in the whole right half-plane, and that it does not require V to be tied to the 
volume. Let us however observe the following particular case of our result, for real time and 
estimates involving the volume growth function. It also follows from [HHl Proposition 5.2], 
but our proof is more direct, as it does not go through a Faber-Krahn type inequality. 

Corollary 4.5. Let pt, t > 0, be the heat kernel on a complete Riemannian manifold M, 
with Riemannian measure fi and geodesic distance d. Let V{x,r) denote fi{B{x,r)), for 
r > 0, X G M. Assume that M satisfies the doubling property, more precisely let K', 6 > 
be such that 1)4.111) is satisfied. Suppose that 

(4.19) pt{x, x) < Vt > 0, X G M, 

V{x, Vt) 

for some K > 0. Then 

d^{x,y) 



it 



eK'K (l + 
Pt{x,y) < ^ exp 

V (x, Vt) V {y, Vt) 



At 



for all t > 0, x,y e M. 
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Let us now consider the case where the heat kernel satisfies upper and lower estimates of 
the type 

P'<^'^) - ,[Bil,tm)f -^ (- (^) . Vt > 0, .,y e M. 

This may happen when (M, /i, L) is a fractal space, endowed with a natural metric, mea- 
sure and Laplacian, for all values of (3 between 2 and 5 + 1, where 5 is the exponent in the 
doubling condition (j4.1ip : see for instance 0- In such situations, usually, (3 > 2. Let us 
now choose V{x^t) = /i (i?(a;, t^^^) , which is obviously a doubling function. From ()4.20|) . pt 
satisfies ()4.12|) . but it cannot satisfy 

, , C- / d\x,y) \ C f d\x,y) 

Pt{x,y) < ^exp -c = —— — , exp 



since this is not compatible with the lower bound in (j4.2(J|) . In view of Corollarv 14.41 the 
only possible conclusion is that such a space (M, d, fi, L) does not satisfy Davies-Gaffney es- 
timates, nor, according to (j3.4p . the finite speed propagation property for the wave equation. 
We owe this remark to Alexander Teplyaev. There is no contradiction with the fact that 
local Dirichlet forms do give rise to Davies-Gaffney estimates with respect to an intrinsic 
distance : in the case of fractals, this distance degenerates, see the discussion in Section 
3.2]. 



Finally let us discuss one more version of pointwise Gaussian estimates. Here we do not 
need to consider any kind of doubling property. The following result has some similarity with 
Corollary 5.5 of |35|, in the sense that, in assumption ()4.21|) below, x,y do not range in the 
whole space M, but only in two fixed regions Ui,U2- However, restricting our assumption 
to two fixed points x, y as in [33] seems to raise technical difficulties that we are not going 
to face here. 

Theorem 4.6. Assume that {M,d, fi, L) satisfies the Davies-Gaffney condition ()3.2|) . Let 

Ui and U2 be open subsets of M. Suppose that 

(4.21) \p,{x,y)\ <exp{~Rcg{z)), W z e C+, x e Ui, y e U2, 

where g is analytic on C+ and satisfies the growth condition ()2.14|) with 7 = ^ and r = 
d{Ui,U2). Then 

\Pzix,y)\ < exp ^1 - Rcg{z) - Re^j , \f z E C+, x e Ui, y G f/2. 

Remarks: 

- It may look surprising that the growth constraint on g depends on [/i, f/2. This may be 

understood as follows : suppose a factor exp ^— R-e^^ j is already present in estimate ()4.2H] 

(which corresponds to /5 = 1, a situation hopefully forbidden by (j2.14|) ) ; then one can 
certainly not multiply again the estimate by this factor! 

- Theorem 14. 61 is a generalization of Theorem 14. 21 as one can see by taking g{z) = -j log z — 
logK. 
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-In principle, one could use Theorem 14.61 to add a Gaussian factor to estimates of the 
form 

\Pz{x,y)\ < ^, \/z eC+, x,y e M, 

where V is analytic in z with a certain uniformity in x, y. We will not pursue this direction 
because of the lack of relevant examples. 

-Note that our result allows to some extent rapid growth at zero. In particular, it might 
be interesting to investigate the connection with 7, Theorem 3.1]. 

Proof. Once again we follow the idea of the proof of Theorem 14.11 and define a bounded 
analytic function F : C_|_ — >■ C by the formula 

F{z) = {exp{-zL)f^,f2), 

where fi G L^{U„dfi) H L\Ui,dfi) and ||/i||i = ||/||2 = 1. In virtue of Q and dSH), F 
satisfies (jTHI) and (Q with 

r = d{U,,U2), 7 = ^V4 and A = WfMf.h < cx^. 

Next, by assumption (j4.2H) . 

\F{z)\ < \ew{-9{z))\\\fl\\L^Uud^,)\\f2\\L^U2,d^^) = exp{-Rcg{z)), M z G Cr2/4, 
that is, F satisfies (j^TTHj) with 5 = 1, = 0. By Proposition ITU 

^2 



\F{z)\ < exp y-Reg{z) + 1 - R-e— J , V z e €^2/4. 
Finally by Claim ^ 

sup sup \pz{x,y)\ = sup { {exp{- zL)f I J2): ||/i||Li(c/i,d/.) = ||/2||Li(f/2,dM) = 1} 

< exp ^-Reg{z) + 1 - Re^^ 

for all z G Cr2/4. The estimate for z ^ (^^2/4 follows directly from ()4.21|) . □ 

4.3. Operators acting on vector bundles. 

Our approach works not only for operators acting on functions but can also be applied to 
operators acting on vector bundles. To discuss the vector bundle version of our results we 
need some additional notation. 

Let (M, d, n) be a metric measure space and suppose that TM is a continuous vector 
bundle with base M, fibers T^M ~ C" and with continuous (with respect to x) scalar 
product ( ■ , ■ )x on T^M. For /(x) G T^M we put \f{x)\l = (/(x), f{x))^. To simplify the 
notation, we will write ( ■ , ■ ) and | ■ | instead of ( ■ , ■ )^ and \ ■ \x- Now for sections / and 
g of TM we put 



p 

LP{M,d^i;TM) 



M 



\f{x)\P d^i{x) and {f,g)= {f{x),g{x))d^{x). 

Jm 



Now let us describe the notion of integral operators for vector bundles. For any point 
{x, y) G we consider the space T* ® T^. The space T* ® is canonically isomorphic to 
Hom (Tj^, Tj.), the space of all linear homeomorphisms from Ty to T^. Denote again by | ■ | 
the operator norm on T* ® T.j. with respect to the norms | ■ l^,. and | ■ \y. 
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By (T* ® T)M'^ we denote the continuous bundle with base space equal to and with 
fiber over the point (x, y) equal to T* (g) T^.. If there is a section p of (T* ® T)M'^ such that 

IpI is a locally integrable function on {M'^,fi x /i) and S*/! is a section of TM such that 
{Sfi,f2)= / iSfi{x), f2{x))dfi{x) = / {p{x,y) fi{y), f2{x))dfi{y)dfi{x) 

for all sections /i and /2 in CdTM), then we say that S is an integral operator on sec- 
tions of TM with kernel p. As in the scalar case, S* is a bounded linear operator from 
L^{M,dn;TM) to L°°{M,dfi;TM) if and only if S is an integral operator with kernel p 
such that esssup^y^j^,j\p{x,y)\ is finite, and 

One also has the following vector- valued version of Claim ^ : 

Claim 2. Let Ui,U2 be open subsets of M. If p{x,y) is the kernel of a linear operator 
S: L\M,dfi;TM) ^ L'^{M,dn;TM), then 

esssup^^u^^y^ujp{x,y)\ = sup 1 1 /a) | : \\fi\\LHUi,df^;TM) = \\f2\\LHU2,df^;TM) = 1} • 

Let us describe an example of Hodge type operator which generates a semigroup satisfying 
conditions ()3.1|) and ()3.2|) and acts on vector bundles of /c-forms on Riemannian manifolds. 
Suppose that M is a complete n- dimensional Riemannian manifold and fi is an absolutely 
continuous measure with a smooth density not equal to zero at any point of M. By A'^T*M, 
k = 0,...,n, we denote the bundle of fc-forms on M. For fixed (3,13' G L^(A^T*M) and 
7 e L^(A^T*M), we define the operator L = Lji^',^ acting on L^(A^T*M) by the formula 

(4.22) {Luj,uj)= / (|4u; + u;A/3p + |(i„_fc*tu + *t^A/5'p+ I *cjA7p) d/i, 

Jm 

where ca; is a smooth compactly supported fc-form and * is the Hodge star operator. With 
some abuse of notation we also denote by L its Friedrichs extension. Note that for example 
the Hodge-Laplace operator and Schrodinger operators with real potentials and electromag- 
netic fields can be defined by (j4.22p . The following theorem was proved in |51j . 

Theorem 4.7. The self-adjoint semigroup {exp{—zL): z G C+} generated by the operator 
L defined by acts on L'^{h.^T*M) and satisfies and (HT^ . 

Theorems 14.11 14. 2[ 14.31 14.61 and Corollary 14.41 can be extended to the above setting of 
operators acting on vector bundles. For example we can state Theorem 14.31 in this setting 
in the following way. Again, compare with [SL, Corollary 9], which yields a slightly better 
estimate for real time and the Hodge-Laplace operator (and more generally operators defined 
by ()4.22|l ). but does not treat complex time. In what follows, Tr denotes the trace of an 
endomorphism on a finite dimensional linear space. 

Theorem 4.8. Let (M, d, yu) be a metric measure space endowed with a vector bundle TM 
as above. Let L be a non-negative self-adjoint operator acting on L'^{M,diJ,;TM). Assume 
that f)z{x,y) is a continuous function of x,y G M. Denote by pz, z G C+, the kernel of 
exp(— zL). Let V : M+ x M — >■ M_|_ be a continuous function satisfying condition ()4.11|) . 
Assume that 

(4.23) V (x, Vi) Tr pt{x, x) <1, Vt > 0, x G M. 
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Then 

(4.24) \p,{x, y)\ < , exp -Re ^ ' 



d{x,y) 



V (X, 2 



V (y, ^) 



4U / V 42: 



/or a// z G C+, x,y E M such that Re^-^^ > 1. 

Remark : Of course, one can transform the above estimate in a similar way as in 
Corollary lOl 

Proof. Note that the self-adjointness of exp{—tL) implies pt{y,x) = \pt{x,y)]*. Denote by 
\-\hs the Hilbert-Schmidt norm of a linear operator. One can write 



TTpt{x,x) = Tt J pt/2{x,y)pt/2{y,x)dij.{y) 
= Tr y pt/2{x,y)[pt/2{x,y)]* dfi{y) 

Ti {pt/2ix,y)[pt/2{x,y)Y) dix{y), 



thus 



(4.25) Tr pt{x,x) = j \pt/2{x,y)\]isdKy)- 

On the other hand, 

|2 ^ / 1^ ^M2j,./^\ / 1^ „\\2 



\Pt{.x,y)\ < j \pt/2{,x,z)\ dfi{z) J \pt/2iz,y)\ dfi{z) 

< J \Pt/2{x,z)\jjsMz) j \pt/2iz,y)\HsMz), 
since |.| < \-\hs] hence, using ()4.25p and ()4.23|) . 

^'•26) V(x,tV2)V(,,tV2)' 
that is 

\\^w(-,Vt)^M-tL)niw^.^^t)\\i^oo < 1, 

where W{x, r) = ^^/V{x^V), x G M, r > 0. This estimate can be extended to complex times. 
Indeed, one also has 

\pt{x,z)\^dfi{z) < I \pt{x,z)\HsdKz) < 



V^(x,tl/2) 



that is 

(4.27) ||m^y(.^^)exp(-tL)||2^oo = || exp(-tL)m^^(. ^^)||i^2 < 1, Vt > 0. 
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Using the contractivity of exp{—isL), s G M, on L^, one has 

^ l|mw/(.,v^)exp(-(z/2)L)||2^oo||exp(-(2;/2)L)m^(.^^/j^)||i^2 
^ l|mvK(.,^/R^)6^P(-(I^e^/2)^)ll2-oo||exp(-(Rc2;/2)L)m^;^,(.^^J^ 

= l|exp(-(Re2;/2)L)m^(.^^j^^||^^2- 

Together with ^TM and the identity ||T*T||i^oo = ||^||L2> this yields 

(4.28) ||m^^(._^/j^)exp(-2;L)m^(.^^^)||i_^ < 1, V2; G C+. 

Similarly as in ()4.1(ij) . fix x,y E M and for d{x, y) > 2s > set r = d{x, y) — 2s. Consider 
the function F defined by the formula 

F{z) = (exp(-2;L)m^(^._.^)a;2,m^(^.^.^)^i), 

with uJi G L\B{x, s),dfi;TM)nL^{B{x,s),V{ - ,r/2)dfi]TM),uJ2 G L\B{y,s),dn;TM)n 
L^{B{y, s), V{ ■ , r/2) dfi; TM), and \\uji\\i = \\uj2\\i = 1- In virtue of assumption ()3.1|) and 
Davies-Gaffney estimates ()3.2|) . F satisfies ()2.8|) and ()2.9p with 7 = and 

^ = ll^iyf- r^^lllslln^^yf . i:W2||2 = 11^1 II L2((7i,y( ■ ,r/2) d^*) 11^2 ||l2(C/2,V'( ■ ,r-/2) d^t)- 



Now if 2; G Cr2/4, then i/Rez < r/2 by ()4.17p . Using the assumptions on uJi,U2, W as well 
as ()4.28|) . we obtain 

\F{z)\ = Km^^.^.^i exp(-2;L)m^(^.^.^)^2,^i)| 

- ::fm wix,v^z)wiy,v^z) ' ^"^-( ■ ^v^) • I 



/ ^2 



- ::Fm Wix, ^z)W[y,^z) exp(-.r)m^,,^^||,_ 



V4Rez / 

for all 2 G C^2/4. Thus F satisfies flTTn|l with B = K'2~^ and u = 6. By Proposition O 



1^(^)1 <e^\^ J «^p(^-%, 

for all z G Cr2/4. One finishes the proof as in Theorem 14 .31 using Claim |21 □ 

4.4. Gaussian estimates for the gradient of the heat kernel. The technique which we 
developed above can be applied to obtain Gaussian bounds for gradient of the heat kernels. 
The following result is motivated by some considerations in ji], Section 1.4. In particular, 
it is proved in that under the assumptions below, for a = 1/2, the Riesz transform is 
bounded on LP{M,dfi) for 2 < p < +00. In the langage of we will show now that, 
under (FK), conditions (1.7), (1.8) and (G) are all equivalent, which was left open there. 
A similar result was obtained independently in by a different method, relying directly 
on the finite speed propagation property for the wave equation. 
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Theorem 4.9. Let M be a complete Riemannian manifold such that the Riemannian mea- 
sure fi satisfies the doubling condition ()4.9|) and let A be the Laplace- Beltrami operator, 
the corresponding heat kernel, V the Riemannian gradient on M. Suppose next that 

(4.29) ptix.x) < ^ Vt > 0, X e M, 

^m{B{x, Vt)) 

and that 

(4.30) sup \Vptix,y)\fiiB{y,Vi))<Ct~'^ 

x,yeM 

for some a > and all t G M+. Then 

(4.31) |Vpf(x,y)| < — ^ 1 H — exp 



t-y.{B{y,^t))\ At J \ At 

for all t > 0, x,y E M. 

In the proof of Theorem 14.91 we shaU need the foUowing consequence of CoroUary 14.41 and 
assumption. 

Lemma 4.10. Assume (jOHI), and Then 

(4.32) 

/ I I \ 2<5 / 2x5/2 

/ I ^ I \ / \ 

||Vexp(-zA)my(.,,)||i^oo = sup \Vp,{x,y)\V{y,r) < CiRcz)-"- 

x,y&M \nez J \nez 

for all r > , z E Cr^/^, where 6 > is the exponent in ()4.10j) . 
Proof. An immediate reformulation of ()4.18|) is 

\p.{x,y)\ < ^ ^ exp ( -Re-^ ^^'^^^ I 



-J 



Rez 



which yields, for < c < 1/4, 

I / M / d'^(x,y)\ f \z 

\Pz[x,y)\ < I =exp ( -cRe 

(Rei)-/y(,,(Rei)-/^ 

and, by doubling, 

C ( 

\Vz{^.V)\< — 7 — ; — — — ^exp 

v{y\R.^Xl) ^ z )\Rez 

Take now z = t + is E Cj.2 ^4, where t, s G M. Note that (t/2) + is G Cr-2- Write 

Vp^ {x,y)= / Vpt/2 (2;, u)p(^t/2)+is {u, y) d^i{u) , 

J M 

hence, using (j4.4p . (j4.3(Jj) . and doubling, 

|Vp,(x,i/)|< , ^ (]^\ I — 1— expf-c'Re^-^^) t//i(M). 



t-v(y,{Re\y"^') VRe^;; JMV{u,Vt) 
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Let us estimate 



1=1 ^ exp — c Re duiu). 

Since (Re^)"^^^ > (Rc2;)^/^ = i/t, one has 



KK' \ ^ 11 = { ^ \ IL 



II = I —, L_^exp i-d^S^^ ) d^[u) 



where 

is easily seen to be uniformly bounded in y G M, z G C+ by doubling. Thus 

|Vp^(x,?/)| < 



Now, for z eCr2, r > (Re^)""^^^ > {Rczf/^, hence 



therefore 

|Vp,fet/)|l/(t,,r)<C(Roz)- 



\ReZ J 



2 \ 



^2 \ -5/2 / ui \ 25 



Rez J \RidZ ^ 

which is the claim. □ 

Proof of Theorem \4.9i As before fix x, y G M and, for < 2s < d{x, y), put r = d{x, y) — 2s. 
Next fix / G L'^{B{x, s), dfi) fl L^{B{x, s), dfi) and let X G TM be a smooth vector field on 
M supported in B{y, s). This time we set, for z G C+, 

F{z) = (Vexp(-zA)my(.,,)/,X), 

where V{x,r) = fi{B{x,r)). Now 

F{z) = (exp(-5;A)mv(.,r-)/, V*X) = (exp(-5;A)mv(.,r)/, divX), 

Therefore, since ^(z) = e''^ satisfies (jSH) and F satisfies ((231) and with 

A = ||my(._r)/||2||divX||2 and 7 = 

Note that A is finite since div X is smooth and supported in B{y,s). Now assume in addition 
that ll/lli = |||X|||i = 1 and let z G Cr2/4^. By Lemma KW\ 

\F{z)\ < ||Vexp(-zA)my(.,r)||i^oo 



\Rez J \Rez J \Rez J 



< CiRez)-" {^] =Cr' 

~ \Rez J \Rez J 

for all z G Cr2/4^. Thus F satisfies the assumptions of Proposition 12.41 with 

B = Cr-^''-^^, u = 5S + 2a, -f = r^/4:, exp{g{z)) = z~^\ and any /5 G (0, 1). 
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Therefore 



2 \ 55+2a / 2 \ 



for all z G Cr2/4. An obvious modification of Claim |21 yields 

\Vpz{x-,y)\V {y,r) < sup sup \Vpzix' ,y')\V {y' ,r) 

x'eB{x,s) y'eB{y,s) 

= SUp{|F(2)|: \\f\\LHB(x,s),d^) = \\X\\L^Biy,s),d^) = l} 
„2 \ 3<5+2a / ^2 ' 



2a ' ' » ' 



and letting s go to we obtain 

(4.33) \Wp,(x,y)\Viy,dix,y))<Cid\x,y))-'^i^-^] exp -Re ^ ' 



4|2| / V 4z 

for all z G Cd2(^_j,)/4. If < t < ^^(x, ?/)/4 then V{y, Vt) <V (^y, j ^ go by 

for all < t < rf2(a;, /4. For t > d'^{x, y) /4, (lOTD is immediate from (IOn|l . □ 

Remark : Note that ()4.33p also yields complex time estimates for the gradient of the heat 
kernel. 

4.5. Families of operators without semigroup property. An important advantage 
of the technique which we discuss here is that we do not have to assume that the family 
{^{z) : z G C+} under consideration has the semigroup property. Hence we are able to apply 
our results to families operators which can be defined by: '^{z) = g{z) exp{—zL), where 
g: C+ — > C is an analytic function; "^{z) = exp{—zLi)exp{—zL2); "^{z) = exp{—zLi) — 
exp{—zL2) or some more complex formulae. To be more precise, let us come back to 
the general metric measure space setting, and consider an analytic family of operators 
{"^{z): z G C+} acting on L'^{M,dfi). Next assume that (see (jHH)) 

(4.34) \\^{z)\U^^< KiRez^/^ VzgC+. 

By \29\ Theorem 6, p. 503] we can define the kernel of the operator "^{z) in the same way 
as in ()4.2|) and again assume that p^ is a continuous function on M^. Now we can state the 
following version of Theorem 14.11 

Theorem 4.11. Suppose that the family {"^{z): z G C+} satisfies conditions (|3.ip . (j3.2j) 
and (|4.34p . Then the kernel p"^ , if continuous, satisfies estimates (|4.5p . 

The proof of Theorem 14.111 is the same as the proof of Theorem 14.11 



For instance, let L be a self-adjoint uniform elliptic second order differential operator in 
divergence form with periodic coefficients acting on L^(]R"), and let L° be the corresponding 
homogenized operator. Next let pz and p° be the corresponding heat kernels. Then a 
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straightforward modification of the argument from jSZj shows the following so-called Berry- 
Esseen type estimate 

(4.35) |p^(a;,y)_pO(a;,y)| <Xmin|l, J^|(Rez)-"/2 

for all z G C+, x,y E M". The following consequence of Theorem 14. Ill can be used to obtain 
Gaussian bounds for the expression — 

Example 4.12. Suppose that L and are two generators of analytic semigroups onL'^{M."'). 
Next assume that L and satisfy conditions ()3.1|) . ()3.2|) with the distances d and d^ . 
Finally suppose that the corresponding heat kernels satisfy estimate ()4.35p and set d{x, y) = 
mm{d{x,y),d^{x,y)}. Then 

( \^\ ~) n + 3 

, 0, „^ ^-^^i^|l-(RiIF^| , ^ d\x^y) \ ' I ^ d\x,y) \ 
\p,{x,y)-p,{x,y)\ < i^^^2 I ^ + ) '^''P I ) 

for all z G C+, x,y E M". 

Proof. It easy to note that if for z G C+ we put '^{z) = exp{—zL) — exp{—zL^) then \1/ 
satisfies (13. 1|) and (j3.2|) with the distance d (and with constant 2). Hence Example 14.121 
follows from Proposition 12.41 with exp[g{z)) = z and u = n + 3. Note that with this choice 
of g, ()2.14j) is satisfied for any /? > 0, for some constants C and c depending on 7 and (3. 

□ 

Remark : As we already said, the fact that the exponent in the polynomial correction 
factor in front of the exponential in ()4.5|) cannot be improved to {D — l)/2 as in j49j is 
related to the fact that the proof of Theorem 14.11 does not use the fact that the family of 
operators under consideration is a semigroup, in other words it is related to the possibility 
of extending Theorem 14. II to Theorem 14.111 Indeed, let L be the standard Laplace operator 
acting on M", and apply Theorem 14.111 to the family of operators "^{z) = z'^^'^ exp{—zL), 
z G C+. In this case D = in (j4.34j) . and the conclusion cannot hold with {D — l)/2 = —1/2 
in the polynomial correction factor in front of the exponential, since in that case Pz{x,y) is 
exactly given by the Gauss function. By contrast, the argument from [49J cannot be applied 
to this choice of "^{z), because it only applies to semigroups. 

A more elementary example is the following. Let M = {x, y} with counting measure and 
let d{x,y) = 1. Consider the analytic family of operators {"^{z) : z G C+} acting on L'^{M) 
given by the kernel pz{x,x) = Pz{y,y) = and pz{x,y) = pz{y,x) = exp (— It is easy 
to check that the family {"^{z): z G C+} satisfies conditions (jSUl), ()3.2|) and ()4.34|) with 
D = 0. Again, this shows that the exponent D/2 cannot be replaced by {D — l)/2 in the 
setting of Theorem 14.111 

4.6. — i> Gaussian estimates. Claim ^ reduces the proof of Gaussian bounds for the 
heat kernel to obtaining a Gaussian type estimate for expressions of the form 

sup {|(exp(-2;L)/i,/2)|: \\fi\\L^Ui,di^) = \\f2\\LHU2,dt^) = l} • 

In such expressions, one can replace the norms of functions /i and /2 by the norm 
of /i and the L"^ norm of /2, for 1 < p,q < +00. This leads to natural generalizations 
of pointwise Gaussian bounds and provides some form of Gaussian bounds for semigroups 
without heat kernels. There are many interesting examples of operators which generate such 
semigroups. More precisely, the corresponding semigroup exp(— tL) is not bounded from 
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to L°° even locally. The kernel of the operator exp(— tL) can always be defined as a 
distribution or in some other sense, but in such cases it is not a bounded function. Often 
such operators generate bounded semigroups on L'^ spaces only for p ranging in some proper 
subinterval of [1, cxd]. We discuss a semigroup of this type in Example l4.15l below. 

The so-called generalized Gaussian bounds that such semigroups may satisfy were studied 
for instance by Davies in ^31 Lemmas 23 and 24], and they were extensively discussed by 
Blunck and Kunstmann (see [HI El CHI E])- Estimates of a similar nature were also 
considered in |121, see Propositions 2.6 and 2.8 in this paper. For interesting considerations 
about LP — Gaussian estimates, see also 0. 

As in Section f4.51 we consider analytic families of operators {^{z)\ z G C+} on metric 
measure spaces rather than semigroups generated by self-adjoint operators. Still the case 
\l/(z) = exp(— 2;L) is the most natural example. In this section we are going to consider 
families of operators satisfying the following condition 

(4.36) l|m^i(.,VlteI)*Wmiy2(.,VlteI)llp-?< 1> V2;gC+, 

where 1 < p < q < +oo, and the functions Wi satisfy condition ()4.11|) with exponents 5j/2 
for i = 1,2. We discuss the rationale for condition ()4.36|) in remark (b) after Theorem 14.131 
Now let us notice only that if "ifiz) = exp{—zL), p = 1, q = oo and Wi = W2 = V^^'^, 
then estimates ()4.36|) are equivalent to estimates ()4.14|) . which follow as we have seen from 
condition ()4.12|) . Hence one can think of condition ()4.36|) as a generalization of the on- 
diagonal estimates ()4.12|) . 

Theorem 4.13. Let {M,d,iJ,) be a metric measure space. Suppose that the functions 
Wi'. X M — > ]R+, i = 1,2, are continuous and satisfy condition 1)4.111) with constants 
^/kI > 1 and exponents 6i/2. Next assume that the analytic family {\l/(z): z G C+} 
of operators on L'^{M,dfi) satisfies conditions (jSIH), (j3.2j) as well as ()4.36j) for some p,q, 
1 < p < q < +00. Then 

(2 \ <5i+i52 / 2 \ 

for all Ui,U2 open subsets of M and all z G Cr2/4, with r = d{Ui,U2)- Here Pi denotes 
the operator of multiplication by the characteristic function of the sets Ui C M, that is 
Pi = m^j^ for i = 1,2. Moreover 

(4.38) ||Pim^^(.^^)Vl;(t)m^y^(._^)P2||p^, < ey^K[iq (^1 + -j exp (^--j 

for allt G M+. 

Proof. Similarly as in ()4.16j) we consider the function F defined by the formula 

F{z) = {^{z)in^^^,r^f2,in^^^.r^f\) 

but now assume that /i G L'^{Ui,W^{ - ,r /2) dfj.) for i = 1,2 and \\fl\\L','{Ul,d^^) = \\f2\\LP{U2,d^^) = 
1, where l/g + l/g' = l. 

In virtue of assumption (|3.ip and Davies-Gaffney estimates (|3.2p . F satisfies ()2.8p and 
((23)) with 7 = rV4 and 

^= l|mH^i(.,r)/l||2||m^^2(-.^r^/2||2 = \\fl\\L2{Ui,W:^{-,r/2)dti)\\f2\\L2(U2,Wi{-,r/2)dti)- 
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Now if z E Cr2/4,, then \/Rez < r/2 by ()4.17j] . Using the assumptions on /i, /2, Wi, W2 as 
well as (|4.36|) . we obtain 

W, (x, i) W, {y, i) „ 

for all z G C2/4. Thus F satisfies flTTnjl with 5 = ^/K[K^2-^^^+^^^ and z/ = (5i + (52. By 
Proposition \'2 3\ 

(2 \ ^1^^2 / 2 \ 

exp (^-Re^J . 

The spaces L^{Ui,dfi) fl PVf ( ■ , r/2) d/i), i = 1,2, being dense in L'^' {Ui, dfi) (resp. 

U'{U2,dn)), the above inequality, for all functions /j G L'^{Ui,Wf{.,r (2) dn), i = 1,2, such 
that ll/illg, = 11/2 lip = 1, yields (ESZD- 

To prove ()4.H8p we notice that for t < it is a straightforward consequence of ()4.H7|1 . 
For t > rV4, it follows from □ 

Remarks : (a) Note that if "^{z) = exp{-zL), 1/p + l/p' = 1, and Wi = W2 = W, then 
it is enough to assume that (j4.36p holds for 2; = t G M+. Indeed, by using, as in the proof of 
Theorem 14. 8( the identity ||T*T||p_,p/ = ||r||p^2 ^ind the contractivity of exp{—isL), s G M, 
on L'^{M, dfi), one obtains 



(b) In [SI m El El Blunck and Kunstmann develop spectral multiplier theorems 
for operators which generate semigroups without heat kernel acting on spaces satisfying 
the doubling condition^. As their basic assumption they consider the following form of 
generalized Gaussian estimates 
(4.39) 

ll™Xs(.,yt)e^P(-^^)™XB(,,y^)llp-? < CV{x,Vi)-^-vexp i-c ^J, yt>0,x,ye M, 

where l<p<2<q< +00 and V{x,r) = ^{B{x,r)). The above estimates imply that 

(4.40) II exp(-tL)m^(i/2)-(i/p)(._^)||p^2 < C and ||my(i/g)-(i/2)(. exp(-tL) Ha^g < C 

(see |12| Proposition 2.1, (ii)]). It follows from the above considerations that the opposite 
implication is valid if (M, d, fi, L) satisfies conditions p.ip and ()3.2|) . Indeed, estimates ()4.40p 
imply (jOH|l with Wi = 1/(V2)-(i/9)( . ^ ^) and W2 = 1/(Vp)-(i/2)( . ^ Now, according to 
Theorem I4.13[ ()4.40p implies the estimates ()4.38|) . which in turn imply ()4.39|) by choosing 
Ui = B{x,Vi), U2 = B{y,y/i) and using doubling. Thus Theorem 14.131 can be used to 
verify the main assumption of the results obtained in j,8, 9, 10,mE]. For example the 
next statement follows from [9,, Theorem 1.1] and Theorem 14. 131 fsee also Theorem 4.3], 



Here we discuss only second-order operators. Blunck and Kunstmann consider also the mth-order version 
of generalized Gaussian estimates. 
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for a more primitive version, with an additional e in the resulting exponent). We give 
below a proof that follows directly from Theorem 14.131 The conclusion of the corollary 
is instrumental in the theory of Riesz means (see [.14. .9]. and references therein); see also 
condition (HGa), p. 339 in and its consequences. 

Corollary 4.14. Suppose that {M,d, fi, L) satisfies the doubling condition ()4.9|) . as well as 
conditions ()3.Hl and ()3.2|) . Let p G [1,2], and assume that there exists C > such that 

(4.41) II exp(-tL)mv'{i/p)-(i/2)(.^^)||p^2 <C, Vt G M+, 
where V{x,r) = ii{B{x,r)). Then there exists C > such that 

||exp(-.i)||,_,<c(£>"'^ 

where 5 is the exponent in condition (|4.1(Jj) . 
Proof. Note that, for all p G [1, oo], 

(4.42) V V \cikai\ < max 



Vz G C+, p G [p,p'] 




sup^ 



Qfe 



E 



with the obvious meaning for p = oo, where cik, ai are sequences of real or complex numbers. 
Indeed, for p = 1 and p = oo, ()4.42|) is easy to obtain. Then we obtain ()4.42|) for all 

Let 



1^1 



'Rez ' 



1 < p < cxD by interpolation. Let z G C+ and set = A{Rez ^) ^, that is, r = 2- 

maximal sequence in M such that all the balls B{xk,r/2) are disjoint. Note that 
the balls B{xk,r) are such that UkB{xk,r) = M, and that by doubling there exists G N* 
such that any x G M is contained in at most such balls. Let Xk be the characteristic 
function of the set B^ = B{xk,r) \ l-iiZiB{xi,r), and set r^^ = d{Bk,Bi). Using Jensen and 
doubling, we may write 

||exp(-zL)/||^ < 5^f5^||xfcexp(-zL)(xJ)||,^ 



< 



Xk,r 



|m^j. exp(— 2;L)m 



Xl \\p- 



IXifWi 



hence by fl4.42p 
where 



exp(-2L)/||!; < Cmax{I,IlY 



sup 



Xk,r)p 2||m^^exp(-2;L)m. 



xi\\p^2, 



11 = snpJ2^{ 



Xk,r 



|mxfeexp(-2L)m. 



xi\\p-^2- 



Thus II exp(— 2;L)/||p_+p < Cmax{/,//}, and our goal is to estimate from above I and // 

<5ii ; ■ 

' ; the result for the other values of p follows by duality and interpolation. 
We shall explain how one deals with J, the treatment of // being similar. Write 



sup^\/( 



Xk,r) 



|m^^ exp(— 2;L)m 



Xl llp^2 



/// + IV, 
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with 

/// = sup ^ V(xfc,r)p~2||m^^exp(-zL)m^J|p^2 



and 



' i=l {fc;2iT-<rfc;<2(i+l)r} 

Observe first that there exists C only depending on the doubhng constant so that, for all 
/, m <r}<C. 
Therefore 

III <C sup V(xA,.,r)p~2||m^^^ exp(-2;L)m^J|p^2 

The conclusion of the corollary is trivial for p = 2, therefore we can assume 1 < p < 2. 
Using the contractivity of exp(— isL) on L'^{M, d/j,), one sees that ()4.41|) implies ()4.36|) . with 
= exp(-^L), q = 2,Wi = l and W2 = -l/CiM-CVa). 
Thus 

l|mxfcexp(-2;L)m^J|p^2 < \\exp{-zL)m^X^2 

< II exp(— zL)m^(i/p)_(i/2)(^_/f^)||p^2||ni^(i/2)_(i/p)(^^^/j^^m^J|p^p 

< sup p[x,V'Rez). 

Hence, if Vki < 2r, 

/// < C sup V(xfc,r)p"2 llm^^ exp(-2;L)mxJ|p^2 

{fc,/;rfci<2r} 



V'(a;fc,r) V 



1 1 
2 



< C sup sup . 

{k,l;rki<2r} x£Bi \V{x, y/Rez) 

^ ^ fV{x,Ar + rki)\p 

< C sup sup I 

{k,l:rki<2r}x(^Bi \ V{x,\/ReZ 



1 i_ 
2 



< c 



V{x, 6r) 



p 2 



< C{\z\/RezY(p-'^\ 

In the last inequality, we could use doubling since r = 2 > y^Rez. 

Now for IV. Again, there exists C only depending on the doubling constant so that, for 
all /, r^z < ir} < Ci\ 
Therefore 



00 



i sup l^p 2 (^Xfc, r)||m^^. exp(— 2;L)m^J|p^2 

( .^-^ {fc;2ir<rfci<2{i+l)r} 

Let us now estimate ||nij^j. exp(— 2;L)m^; ||p_^2 for r^i > 2r with the help of Theorem 14.131 
Note that 61 = and ^2 = ^ (^■^ — , where 6 is the exponent in ()4.1U|) . 



34 



THIERRY COULHON AND ADAM SIKORA 



With our choice of r, z G C^iji as soon as r^i > r. Therefore ()4.H7j] yields 

W^xk exp{-zL)m-^^\\p^2 
^ W^Xk exp(-^-^)™y(Vp)-(i/2)(.,r.^.,/2)mxJ|p^2||my{i/2)-(i/p)(.^^^^/2)m^J|p_,p 



- exp ( -Re— 1 ||m^(i/2)-(i/p)(.^,^^/2)mxJlp-P- 



Now 



|my(i/2)-(i/p)(.^^^^/2)mxJ|p-^p < supV^ p{x,rki/2) 

x&Bi 

< {M V{x,rki/2))^~^ 

x£Bi 

< V-^~Hxi,{rki/2)-r) 

< Vp~^xi,{i - l)r). 



Thus, if 2ir < vm < 2{i + l)r, 



.2 ^s^-y 



1 1 



\in^^exp{-zL)uiJ\p^2 < (^^j " exp (^-Re^J \/t t(xi,{t-l)r) 

< p{xi,{i - l)r) I- j exp(-rr^Re- 



= p{xi,{i-l)r) 

Finally, 



IV <C sup sup 



V{xk,r) \p 2 /(^ + l)2^2\ <5(p I, 



I 2ir<r,,<2(i+l)r \V{xi, {i - l)r) 

By doubling, 

V{xk,r) \p'^ ^ r V{xi,3r + rki) \p'^ ^ r V{xi,{2i + 5)r) \p'^' 
V{xi, (2 - l)r)) - \V{xi, {t - l)r)) " V Vixi, {t - l)r) J 
is uniformly bounded. Therefore 

IV<cf:^^ (^^)'^'"^ e--^ < C ('f;e--^/(^-)) (|.|/Re.)^(^^), 

i=2 ^ ^ \j=2 / 

which finishes the proof. □ 

We finish this section with the description of a simple and natural example of a family of 
operators which generate semigroups without heat kernel. We consider the following family 
of self-adjoint operators 

L(^) = A-c\x\-^ 

acting on L'^{W^) for n > 3, where A = — Yl^=i '^Xi ^"^^ 0, c < (n — 2)^/4. Hardy's inequality 
shows that 

A > (n-2)V4|x|2 
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(see for example [SHI (2-1), p. 107]). Hence, for all c G [0, {n — 2)^/4], L^^^ is non-negative. 
A detailed discussion of the definition of the operators L^^'^ can be found for example in [Hj. 
Such operators are called Schrodinger operators with the inverse-square potential and they 
are of substantial interest in analysis (see for example [13j:55j and references therein). Note 
that L^"^^ is homogeneous of order 2, meaning that if Ut is the dilation (Utf){x) = f{tx), 
t > 0, a; e M", then Ui/tL^^^Ut = t^L^"^ for all t > 0. As a consequence, 

II exp(-tLW)||,^p = tt(M)|| exp(-LW)||,^p. 

Set 

Cc,p,g = ||exp(-L("))||p^g. 
It was proved in [SHI Corollary 6.2] that Cc,p,q = oo for all p < g and q > p* = n/a, where 
a = {n — 2)/2 - ^{n - 2)2/4 - c. It means in particular that for every t > the operator 
exp(— tL'-^-') cannot be extended to a bounded operator on L^(]R") for p > p*c, hence L*^^-* 
does not generate a semigroup on Lp(M") for such p. It also means that for every t > the 
operator exp(— tL*^'^^) cannot be extended to a bounded operator from L^(]R") to L°°(]R"): 
its kernel is not a bounded function on R^" \)■^J^l merely a distribution. Therefore standard 
heat kernel theory can not be applied to study the semigroup generated by L^^\ However, 
it was proved in [52], see also ^j, that || exp(— L'^'^))||p_+p is finite for all p in the interval 

Our main interest here is some form of Gaussian type estimates which we can obtain for 
even though we know that that the pointwise Gaussian estimates cannot hold. Our 
L'^ Gaussian estimates are described in the following example. 

Example 4.15. Suppose that c < {n ~ 2)^/4 and that p'^ < p < 2 < q < p^, where 
+ — 1? P* — '^l^c o-iT'd cTc = (^ — 2)/2 — a/(^ — 2)2/4 — c . Then there exists a 
constant C such that for any two open subsets of Ui, U2 C the following estimates hold 

||Piexp(-zL('=))P2||p^g < C{Rezy ^1 + Re^^ exp (^-Re^^ , G C+, 
where r = d{Ui, U2), d is the Euclidean distance, Pi = m^^_ and i/ — " ' ^ ^ 



Proof. By Theorem 13.31 L^^^ satisfies Davies-Gaffney condition ()3.2j) . thus finite propagation 
speed for the corresponding wave equation with the standard Euclidean distance. We need 

(4.43) II exp(-tL("))||2_.g < Ct^(i"^)^ yt G M+, 

for all p such that 2 < p < p^,. This is proved in [27, Theorem 11 and Lemma 13], but for 
the bounded potential 1/(1 + |a;|2) instead of l/l^p. To circumvent this, we proceed as in 
the proof of Theorem 13. 3| setting L^i^ = —A + Va, where Va = max{— c|x|~2^ —a}, and we 
notice that, when a goes to 00, La converges to L + V in the strong resolvent sense (see 
Theorem VIII. 3. 3, p. 454] or Theorem S.16 p.373]). This yields ()4.43|) . Moreover, 

II exp ((-t + zs)L('=)) IIp^, < II exp(-tL(^V2)||2^,|| exp(-tL(^V2)||p^2 

so 

(4.44) II exp(-2L("))||p^, < C(Rc2)5(5"p) 
for all z G C+ and all p, q such that pi < p < q < p*- 
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Hence for q such that p'^ < q < p < p^^ L^^^ satisfies all assumptions of Theorem 14.131 

' V — v_ — ^ A, — ^ , _ 

nil 1 ' 



with Wi{x,t) = and W2{x,t) = Ct^^"5J, K[ = K'^ = 1, Si = ^ - ^) and 



^2 


<5i+<52 j 


^ r2\ 


4:Z 


exp 1 







2 1 2 / • Thus Theorem 14.131 yields 

||Piexp(-2L(^))P2||p-g < Cr-(^i+^2) 

= C(Rc2)-(^^+^^)(^Rc— j exp f -Re— 

for all z G Cr2/4. The estimate for z ^ Cr2/4 follows directly from ()4.44|) . □ 

4.7. Other functional spaces. Our approach allows us to state and prove an analog of off- 
diagonal bounds for other functional spaces. Suppose that S is a Banach space of functions 
on M and that L'^{M, d^) fl 5 is dense in B with respect to its norm. Suppose next that U 
is an open subset of M. We define the space B{U) as the closure of L'^{U,d^) fl S in the 
space B. Then we define B*{U) as the space B* with seminorm given by the formula 

\\f\\B*{U)= sup {f,g), 

ll£'lls(!7)<l 

where (/, g) is the duality pairing. 

Theorem 4.16. Let {M,d,fi) be a metric measure space, Bi and B2 Banach spaces as 
above, and Ui,U2 open subsets of M. Set r = d{Ui,U2). Let g: C+ ^ C be an analytic 
function which satisfies condition ()2.14|1 for 7 = y , and let {"^{z) : z G C+} be a family of 
bounded linear operators on L'^{M,dfi) satisfying conditions (13. 1|) . (j3.2p . Assume that 

(4.45) < iRez)~''/^exp{-Reg{z)), Wz e C+. 

Then, for all z G C+, 

(2 \ D/2 / 2 \ 

expM -Re(7(z)-Re^j . 

About the growth condition ()2.14|) . the same remark is in order than after Theorem 14.61 

Proof. For /j G L'^{Ui,dfi) fl Bi, i = 1,2, we again consider the function F defined by the 
formula 

Fiz) = {^iz)f2,fi). 

By assumption 

\F{z)\ < {Rezy/^exp{-Reg{z)) \\ fi\\ b,{u^)\\ f2\\ B^m , z G C+, 

1^(^)1 < ||/l||L2(l/i,d;.)||/2||L2(C/2,d/.), z G C+, 



and 



\F{t)\ < exp ( -- ) \\fi\\muud^)\\f2\\LHU2,d,^h ^ > 0- 



Therefore Proposition 12.41 yields 

.2 \ D/2 

I / \ ' \ II /■ II 



/ 2\D/2 , 2\ 

\F{z)\ < (Rc2;)-^/2 (^l+Rey exp (^-Reg{z) - Rc^j ll/ib,(C/oll/2b2( 



hence the claim. □ 
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Example 4.17. Let A be the Laplace- Beltrami operator acting on a complete Riemannian 
manifold M . Assume that, for some p G (1, oo) and some a > 0, 

(4.46) \\expi-zA)\\p^, < C (^^^ , Wz e C+. 

Then, for any pair f/i, f/2 of open subsets of M, one has 

i/p / ui \ " / ^2 \ " / „2 



'U2 

where r = d{Ui, U2), for all z G C+ and f G L^^Ui, dfi). 



2 

LP{Ui,dtj)-' 



Proof. Note that in virtue of our assumptions the semigroup exp(— 2A), z G C+ satisfies 
condition (lOHD with Bi = Lp{M), B2 = Lp'{M), D = 2a and le^^^^l = Hence 
Example 14.171 follows from Theorem 14.161 □ 

For the relevance of assumption (j4.46p . see ^1], jU], and Corollarv 14.141 above. 

We can also set g = exp(Az) in Theorem 14.161 For A > 0, this allows one to treat the 
case where one only has small time on-diagonal upper bounds, for A > 0, this allows one, in 
case there is a spectral gap in the on-diagonal bounds, to keep track of it in the off-diagonal 
ones (see jl?] for more in this direction). Such modification can be made in all our previous 
statements leading from on-diagonal bounds to off-diagonal bounds. We leave the details 
to the reader. 

4.8. Possible further generalizations. The technique presented above is very fiexible. 
For instance, in the statement and the proof of Theorem 14.131 and many other results, we 
do not have to assume that the operators "^{z) are linear. We think that it should be pos- 
sible to find non-linear examples where the Phragmen-Lindelof technique yields interesting 
results. Also, other pairs of dual norms than the (L^, L^) norms could be considered in 
(j3.1|) and (j3.!2j) . Of course, in such cases, one would loose the connection with finite speed 
propagation. 

4.9. Open question. Can one treat in a similar way the so-called sub-Gaussian estimates 
(see for instance j6j, PZ]), which are typical of fractals, namely, can one imagine that, in 
the above notation, 

|(e-*^/i,/2)| <exp '"j II/1II2II/2II2, 

where r is the distance between the supports of /i and /2, and 

. ^ C 

imply 




for /3>27 
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